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Abstract. The charge and transition form factors of pions (Fr, Fr, and Fry+) are studied in the light-front
quark model (LFQM). We find that our results for Fr and Fr, agree well with experiment. Furthermore,
the mixing of 7 and 1’ is considered. We also calculate Fy, and F,/, and compare them with the data.

1 Introduction

Form factors are important physical quantities in under-
standing the internal structure of hadrons. In this paper,
we study two types of form factors: charge and transition
form factors for some light mesons. The former is relevant
in elastic electron meson scattering in which one off-shell
photon exchanges between the electron and one of the
quarks in the meson. The latter, on the other hand, comes
from the reactions where the meson is produced by one on-
shell and one off-shell photon. It is well known that these
form factors must be treated with non-perturbative cal-
culations. There are many different approaches to achieve
this purpose, such as lattice calculations [1], vector meson
dominance (VMD) [2,3], perturbative QCD (pQCD) with
some non- perturbative inputs [4-7], QCD sum rules [8—
10], nonlocal quark-pion dynamics [11], and the light-front
quark model (LFQM) [12-20].

LFQM is the only relativistic quark model in which a
consistent and fully relativistic treatment of quark spins
and the center-of-mass motion can be carried out. Thus it
has been applied in the past to calculate various form fac-
tors [12-20]. This model has many advantages. For exam-
ple, the light-front wavefunction is manifestly boost invari-
ant as it is expressed in terms of the momentum fraction
variables (in the “+” component) in analogy to the parton
distributions in the infinite momentum frame. Moreover,
hadron spin can also be relativistically constructed by us-
ing the so-called Melosh rotation. The kinematic subgroup
of the light-front formalism has the maximum number of
interaction-free generators including the boost operator
which describes the center-of-mass motion of the bound
state (for a review of the light-front dynamics and light-
front QCD, see [23]). For charge and transition form fac-
tors, we concentrate on the space-like region ¢? < 0 (g be-
ing the momentum transfer). In this region, the so-called
Z graph vanishes because we choose ¢* = 0 [20-22], and
only the valence quark contributes. We have a consistent
treatment of the decay constants and of the charge and
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transition form factors in LFQM. On the other hand, there
are some experimental data which concern the charge [24—
27] and transition [28] form factors for some light mesons.
They will offer some tests of this approach.

This paper is organized as follows. In Sect. 2, the ba-
sic theoretical formalism is given and the decay constant
and the charge and transition form factors are derived for
pseudoscalar mesons. In Sect. 3, some asymptotic behav-
iors and the numerical results for some light mesons are
presented and discussed. Finally, the conclusion is given
in Sect. 4.

2 Framework

We will describe in this section the light-front approach
for the calculation of the charge and transition form fac-
tors for off-shell photons and light mesons. The hadronic
matrix elements are evaluated at space-like momentum
transfer, namely the region ¢? < 0.

A meson bound state consisting of a quark ¢; and an
antiquark go with total momentum P and spin S can be
written as

M(P,S,5.))
- / (@1 }{dp2)2(20)6% (P — 1 — )

X Z W35 (P, o, Av, A2)lgr (p1, A1) @2 (p2, A2)), (1)
A1,A2

where p; and po are the on-mass-shell light-front momenta,

_ o mZ4p?
p=w"pL), pL=0"D", p :TL’ (2)
and
dp*td?p,
d3p) = —=,
{d°p} e

la(p1, A1)@(p2, A2)) = b, (p1)d], (p2)]0), (3)
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bl ()} = {dx (), d} (1)}
=2(21)353(p — P)Oara.

In terms of the light-front relative momentum variables
(x,ky) defined by

{ox (0"),

pi*' =(1—-2)PT, p; =g P,

le_:<1—l‘)PJ_+k’J_, poy =axP; —k, (4)

the momentum-space wavefunction ¥ can be expressed

as
oS (D1, P2, A1, A2) = R§f§2(m7kl-)¢(x7kl-)7 (5)

where ¢(x, k) ) describes the momentum distribution of
the constituents in the bound state, and Rf X, constructs
a state of definite spin (S, S,) out of light-front helicity
(A1, A2) eigenstates. Explicitly,

> (R,

51,52

X (Mo Rh; (2, —k1i,ma)|s2)

1 1
X <281;2825,Sz>,

where |s;) are the usual Pauli spinors, and Ry is the
Melosh transformation operator:
m; +axMy+ic-k, xn
Rur(w,ki,mi) = — 5
\/(mz + .17]\40)2 + kJ_

with n = (0,0, 1), a unit vector in the z-direction, and
M2:m§+ki m%Jrki' ®)

0 (1-2x) x
In practlce it is more convenient to use the covariant form

for RY5; [14]:

R3S (w,ky) = —a,ky,ma)|s1)

(6)

(M)

\/Pips

Rfls,\zz (k) = W@(PlJ\l)FU(;DzJ\z),
0

(9)

where

MOE\/Mg— —ma)?,

I'=n;5 (pseudoscalar, S = 0). (10)

We normalize the meson state as

(M(P', 5", S2)IM (P, S, 52))
=2(27)°P*6°(P' — P)ds s6s.s.,

dwd?k, B
/( Sl k)R = 1

In principle, the momentum distribution amplitude
¢(x, k) can be obtained by solving the light-front QCD
bound state equation [23,29]. However, before such first-
principles solutions are available, we shall have to be con-
tented with phenomenological amplitudes. One example
that has often been used in the literature for heavy mesons
is the Gaussian-type wavefunction,

(11)
so that
(12)
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(13)

oo, kL) N\/i < 2w2>

where N = 4(7/w?)3/* and k. is the internal momentum

k = (k,,k,), defined through
gk etk (14)
e1 + es e1 +es
with e; = (m? + k?)1/2. We then have
xMy m3+ k2
My = k. = - , 15
o aTen 2 2uM (15)
and "
z €1€2
— = 16
dr  z(1—xz)My’ (16)

which is the Jacobian of the transformation from (z, %, )
to k. This wavefunction has been also used in many other
studies of hadronic transitions. Besides this wavefunction
which has the exponential form, we also consider one of
power-law type:

w2 "
oz, k)N :N<M§—|—w2> )

where n is another parameter. In this paper, we only con-
sider the light mesons: the u and d quark masses are the
same (m, = mg = my), thus (8) will be reduced to

(17)

ngrkﬁ_

MG = .
O 2(1-x)

(18)

Thus, the k| -dependence of the wavefunction ¢(z, k) )n
occurs exclusively in the combination k2 /z(1—x), which is
consistent with the conditions in [30, 31] We will calculate
the results by using these two wavefunctions and compare
them with the data.

2.1 Decay constants

The decay constants of pseudoscalar mesons P(q1q2)
which include octet and singlet are defined by

(01A%|P(p)) =
(a=1,..,

ﬂif%pu
8,05 PZ?T,KWW’)7 (19)

where Aﬁ is the axial vector current. It can be evaluated
using the light-front wavefunction given by (2.1) and (2.5)

mmv%mm:/m%ﬂﬁmmwf

— Pa)op(w, k)R, (@, k1)
(20)

x 6%(p — P
x (0|7 5q1|q132)-

Since Mo (z(1—x))Y/2 = (A2+k2)Y/2 | it is straightforward
to show that
. dad?k, A
fp= 2\/5/2(27r)3¢P($7kL)M’ (21)
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Fig. 1la—d. Diagrams for a one pseudoscalar meson decay to
vacuum, b the scattering of one virtual photon and one meson,
c a meson produced by one on-shell and one off-shell photons,
and d a meson produced by two off-shell photons

where

A =miz+ma(l —x). (22)

Note that the factor 3'/2 in (21) arises from the color
factor implicit in the meson wavefunction. We illustrate
this process in Fig. 1la. Once the decay constant is known,
it can be used to constrain the parameters appearing in
the light-front wavefunction.

2.2 Charge form factors

The charge form factor of a pseudoscalar meson P is de-
termined by the scattering of one virtual photon and one
meson. This process is illustrated in Fig. 1b. This form
factor can be defined by the matrix element

(P(@")J"|P(p)) = Fp(Q*)(p + )",

where J# is the vector current and Q? = —¢* = —(p—p’)?.
As discussed in the above subsection, we readily obtain

(PG al P(p)) =
> @m0 G- 5 - )

A1, A2,

X(ZSP(‘Ta kl)d)P (Iv ki)Rg?];\’z R(/{(l)/\z ’

where k| =k, + zq, . Comparing (23) with (24), we ob-
tain

(23)

(24)

T 2
Fr(Q?) = / LR b 0 K )b (k)

2(2m)?
My zqy ki
X e (1 + Yo ki) , (25)
where M’y = (M2 — (my — m2)?)"/2 and
2 4 12 2, /2
M2 TR 27T 9
0 (1 . {L‘) T ( 6)

This result is the same as (17) in [12]. Thus, the charge
form factor Fp(Q?) will become available once the param-
eters in the wavefunction are determined.
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2.3 Transition form factors

There are two types of transition form factors: Fr, and
Fry.. The form factor Fp,, in which the meson is pro-
duced by one on-shell and one off-shell photon (yy* — P),
is defined by the Pyy* vertex [4]

I, = =€ Fpo(Q)empop” ¢"€”, (27)

where ¢ is the momentum of the off-shell photon, ¢> =
—g? = —Q?, and e is the polarization vector of the on-
shell photon. We illustrate this process in Fig. 1c and write
down the amplitude within the light-front framework [4]

Z €q€q' € /{d3p1}{d3p2}

A1, 2,
2(2m)%8°(p — pr — P2)dp(w, kL)
in Cmit (bt qu)? md +ki)‘
pt pf P
9(p2, A2) gu(py, \)a(py, N)yuu(pr, M)
+ (1+2)]RY,,,

I,

X

X

X

(28)

where e, and ez are the electric charges of the quark ¢
and ¢, respectively. It is straightforward to show that

FP’Y(QQ)

V3 dzd?k | A
= —4 _— —_—

a0 | aamy Ok e K2
o 1

(1) o mi+(k+q)® mi+k]
g 1—2 T
+ 1 (29)
T q2_m%+k‘f__ 5+ (kL —q1)?
L 1—=z T

This result is consistent with (4.4) of [32]. The form factor
Fp.- arising from the Pvy*y* vertex, where y*v* repre-
sents two off-shell photons, is defined by [33]

F;w = *iGQFP’Y* (Q27 Q/Q)guypo- QPPU’

where Q = (1/2)(¢'—q), P = ¢'+q¢, and Q* = —¢"* = ¢'2.

This process is depicted in Fig.1d. We expect that this
amplitude is similar to the one off-shell photon case and
that it has the form

L= Y ecpeqe® / (@1 }{dpa)

PO
x 2(2m)°0%(p — p1 — P2)dp(z, k1)

@A —q? mi+(kL+q)? m3+kI\
X + + o +
p P Do

6(1727 )\2)'711 (pllv )‘)a(pllv )\)%U(ph >\1)
+ (1 2)]R

(30)

)\1)\2 *



108

From (30) and (31), we arrive at

FP’Y* (Q27 le)

V3 dad?k A
= —47 al —_— 7]{: —_—
\/ieqeq 2(27T)3 QSP(J: L) /7./42 T ki
o 1
2 2 2 2
+ (kL +quL)? my+k
1— 2 _ 2 M1 _ My TRy
(1) (a2 - g - MR !
+ 1 (32)
2 qz_qlz_m%+ki_m%+(kL_QL)2 .
L + 1—=x T

3 Numerical results and discussions

We now compare our results for the form factors with
the experimental data. Before doing this, we need to de-
termine the parameters my, mo, and w appearing in the
wavefunction ¢p(x, k). Of course, we assume that this
wavefunction is process-independent.

In the m—y case, the constituent masses of the u and d
quarks are the same, i.e., m, = mq = my. We can use the
experimental value for the decay constant, f, = 92.4 MeV
[35] to determine the parameters m, and w, via (21). How-
ever, there is more than one parameter to be determined
from one experimental value. Therefore, in principle we
have infinite combinations satisfying the decay constant
value. If we can find other constraints, these parameters
will be determined uniquely. The charge form factor of the
pion has the following low-energy expansion:

Fo(@) =14 507,07 + 0(QY) (33)

where (r?) is the electromagnetic radius of the charged
pion. Thus,

F.(Q?
<7"2>7r ~ _687(@) . (34)
0Q?
Q%=0
Experimentally one finds [34]
(r2)eP = (0.439 + 0.03) fm?. (35)

This offers the second constraint. The third one is from
the transition form factor Fi(Q?) (29); if we consider the
limit Q2 — 0, there is the simple form

_V3B(e2 —¢€2) [ dad’k. A
=15 [ Sy oele )

Fry (0)

1
o)
It is well known that Fi,(0) is related to the decay width
I'(m = yv) by [28]
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Fig. 2. The charge form factor of the pion in small momentum
transfer. Data are taken from [24]

1 64nD' (7w = v7v)
FTr 2 = ’
| “/(0)| (4770()2 MTP?

(37)

where « is the QED coupling constant and M, is the mass
of the pion. From the experimental data for I'(m — ~7)
[35], one can obtain the value of Fy.,(0): 0.2740.01 GeV .
Besides (37), Fir,(0) also can be determined from the axial
anomaly in the chiral limit of QCD [36]:

3v2C,

e (38)

Fry (@) g2 0 =

where C, = 1/(3(21/2)).

Thus, we can uniquely determine all the parameters in
the wavefunction by using (21), (34), and (36). Here we
list the fitted parameters of these two wavefunctions ¢g
and ¢y in Table 1.

From Tablel, we find that the value Fr,(0) = 0.27
GeV ™! cannot be reached by adjusting the parameters my
and w, in the wavefunctions ¢¢. The reason may be that
the transverse momentum suppression of the exponential
forms in ¢ are stronger than ¢n. Thus we only use the
type of wavefunction ¢(z, k) )y to calculate the form fac-
tors Fir(Q?) and Fy.,(Q?) in the —8 GeV? < ¢% < 0 region
by using (25) and (29). On the one hand, the value of the
parameter mg, = 0.192 GeV is consistent with the order of
the constituent quark mass, 0.2 ~ 0.3 GeV; on the other
hand, the fitted size of the charge pion, (r2), = 0.434 fm?,
almost equals the experimental value. Now, we have no
degree of freedom to adjust this wavefunction because all
the parameters have been fixed. From Figs. 2, 3, and 4, we
find that these predictions are all in agreement with the
experimental data [24,25,28].

There exist various models or methods that can be
used to calculate these form factors. For F,(Q?), [17] has
used the Gaussian-type and power-law-type (n = 2) wave-
function for small ¢? region, [18] has used the Gaussian-
type one for large ¢ region; their results are fit the data
well. The pion Bethe—Salpeter amplitude is completely an-
alyzed in [37] and some nice results at small and large mo-
mentum transfers are obtained. The authors of [38] use the
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Table 1. Parameters my and wx in the ¢¢ and ¢n wavefunctions
wavefunction m, (GeV)  wr (GeV)  fr MeV) (Do (fm?) Fr,(0)(GeV™h)

ote] 0.243 0.328 92.4 0.434 0.231

on(n=1.7) 0.192 0.957 92.4 0.434 0.272
0.6 Q*Fry(Q%)| 200 — constant; (39)

05 4 it also has this property in (29).
For Fr.«(Q?% Q'?), since there are no experimental
04 ] data yet, we must proceed carefully. On the one hand,

0 Il Il Il Il Il Il Il
0 1 2 3 4 5 6 7 8

Q" (Gev)
Fig. 3. The charge form factor of the pion in large momentum
transfer. Data are taken from [25] (empty circles), [26] (filled

triangles), and [27] (filled square)
0.25
0.2 : 777777777777777777777777777777777777777777
0.15 ~
: Ht
N; :

0.05

0 1 1 1 1
Q' (Gev)
Fig. 4. The one off-shell photon transition form factor of
the pion. The dotted line is the limiting behavior for 2f

(0.185 GeV) which is predicted by pQCD. Data are taken from
[28]

pQCD approach to obtain the results in the Q2 > 4 GeV?
region.

For Fr(Q?), [18] has used the Gaussian-type wave-
function and the axial anomaly plus PCAC relations to
calculate the decay width I'(m — 7). The ¢ dependence
is derived in [32] and the numerical results are in agree-
ment with the data. The method of pQCD also fits [39,
40] the data well in the —8 GeV? < ¢?> < —0.5GeV? re-
gion. It is worth remarking here that pQCD predicts that
the asymptotic behavior of Fy-(Q?) is proportional to the
integration of [z(1 — x)Q?]~! [4], that is,

if the limit Q"> — 0 is taken, this form factor must be
reduced to FM(QZ). Indeed, this condition is satisfied in
(32). On the other hand, if we take the limits Q?, Q"% — oo
and assume that the wavefunction ¢, (x, k] ) is symmetric
in z and 1 — z, the asymptotic behavior of the transition
form factor (32) becomes

dzd?k
For (@2, Q' >|Q2,QI2W=[/ Samr drle k)
A 1 40
R RE [w@2+<1 w)Q’Q]’ (10

which is also consistent with the assumption made in
pQCD [6]. Thus we have confidence in the prediction of
the values of Fr«(Q?, Q%) in terms of (32).

We also consider the -7’ system. Due to the mixing
in this system, 7 and 7’ both have ng and 7y components.
Recent investigations [41,42] have shown that this system
can adequately be described with two mixing angles, g
and 6p. As has become clearer very recently [43,44], a lin-
ear combination of orthogonal states 1, and 1, was made
for the description of  and 7’:

(",>=U<a> (’7) U(a>=<C?S“Si““>, (41)
n Ns sina  cosa

where 1, and 7, are composed of the valence quarks ¢ =

(u@ + dd)/2'/? and s3, respectively. The decay constants
of n and i’ are defined by

(0[AL|P) =V2ifip, (j=a.,ss P=nn), (42)
where Af = (uy,ysu + dyuvsd)/2Y? and Aj = 3758
both differ from (19) slightly. Thus,

I fa 0
(7)o (ih)

Within this ¢gG—ss mixing scheme, the transition form fac-
tors F,,(Q?) and F,y~(Q?) in the limit @* — 0 are anal-
ogous to (38) [44]

(43)

3v2C,

FM(QQHQQ_)O = oy cos o — ey sin c,
q s
3v2C, 3v2C,
Fyy(Q)|g2—0 = ], sin o + 127, cosa, (44)
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0.25 T T T T T T T

0.2 - b

0.1

2
Q FVW
—ee—

0.05 B

! ! ! ! !

0 2 4 6 8 10 12 14 16
Q* (GeV)

o

Fig. 5. The one off-shell photon transition form factor of 7.
The dotted line is the limiting behavior (0.182 GeV) which is
predicted by pQCD. Data are taken from [28§]

where C, = 5/(9(2'/2)) and Cy = 1/9. For the wavefunc-
tions ¢, (x, k1) and ¢y, (x, kL), there are four parameters
Mg, Wy, Ms, and wy, . The value of m,, is fixed in the pion
case, thus we need three constraints to determine the other
three parameters uniquely. The authors of [43], after con-
sidering the data of the decay widths I'(n() — ~v) and
some other processes, obtain

fo = (107 £0.02) f,
fo = (1.34 £ 0.06) .,

o = 39.3° + 1.0°. (45)

Using (45), we determine the values of the three parame-
ters

wy, = 1.215GeV,
ms = 0.262 GeV,

wy, = 1.229 GeV, (46)

and calculate the transition form factors F,,(Q?) and
F,,(Q?). The value of the parameter m; is a little smaller
than the order of 0.4 GeV. The results are plotted in Figs. 5
and 6 and are both in agreement with the data. The
Gaussian-type wavefunction has been used in [18]; there
the decay widths F(n(/) — 77y) were obtained using the
axial anomaly plus PCAC relations, and an ¢? dependence
[32] results with mixing angle 03y = —19°.

Comparing with the predictions of pQCD [42-45], they
fit the data well in the —16 GeV? < ¢® < —1 GeV? region
for F,,(Q?) and F,/,(Q?). A nontrivial quark-antiquark
structure of the photon is suggested and combined with
the pQCD method to evaluate the transition form factors
of m, n, and 1’ [46]; the results are in agreement with the
data in the —16 GeV? < ¢% < 0 region.

4 Conclusion

The charge and transition form factors of the light mesons
are studied in the present paper. In the relativistic light-
front quark model, these form factors have been evaluated
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Fig. 6. The one off-shell photon transition form factor of 7’.
The dotted line is the limiting behavior (0.300 GeV) which is
predicted by pQCD. Data are taken from [28]

in the frame where ¢t = 0 and ¢? < 0 and there is no need
to calculate the contribution from the so-called Z graph
[20].

We have used the experimental vaules of the decay
constant f,, the electromagnetic radius (r?),, and the de-
cay width I'(m — ~v) as the constraints to fix the pa-
rameters appearing in the pion wavefunction. When the
parameters are fixed, we evaluate the charge as well as one
and two virtual photon transition form factors. Compar-
ing the results of the calculation with the experimental
data, we find that the fitted parameters are applicable
in the —8GeV? < ¢* < 0 region for both charge and
transition form factors. Thus, the assumption is satisfied:
the wavefunction is process independent. For the -7 sys-
tem, a similar method for fixing the parameters is used.
We also find that the results Fy,,(Q?) and F,,(Q?) are in
agreement with the experimental data. From these results,
it is seems that LFQM is valid up to the scale of order
Q? ~ 16 GeV?; however, the constituent quark models are
only applicable in the low-energy region. When Q? — oo,
the method of pQCD will be suitable and the light quark
masses are almost equal to zero. Thus, evolution of param-
eter values and distribution functions between the low Q?
and large Q? regions [47] can be expected and seems to
be interesting.

In principle, the wavefunction must be solved by the
bound state equations. Before getting it from first princi-
ple, the phenomenlogical wavefunctions are needed. How-
ever, finding the wavefunction which can fit all the experi-
mental data is not easy. This work reveals that the power-
law wavefunction and the new treatment of the -7’ mix-
ing system are suitable for use in the two photons decay
and the transition form factors of the light mesons. The
major difference between the power-law- and Gaussian-
type wavefunctions are the behaviors of the transverse
momentum suppression. Thus, further, we can use these
wavefunctions for the other processes to realize the adapt-
ability of the light-front dynamics.
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